Abstract. We investigate the geodesic motion in the background of Kerr-Sen Black Hole arising in the heterotic string theory. The nature of effective potential is discussed in radial as well as latitudinal direction. A special class of spherical photon orbits is obtained along with the expression for the turning point for radial photons. Dependence of photon motion within this class of solution is discussed explicitly in view of the different Black Hole parameters. We have discussed the allowed regions for geodesic motion of massless test particles around KerrSen Black Hole in more generalised way by including non-equatorial motion of the photons into the account. The conditions for different types of possible orbits are discussed with specific parameter values along with the corresponding orbit structure. No terminating orbits are possible for photons due to non-zero Black Hole charge. Observables on the angular plane (viz. bending of light and perihelion precession for massive test particles) are analysed as special cases. We have also calculated the rotation and mass parameters for Kerr-Sen Black Hole in terms of the red/blue shifts of the photons in circular and equatorial orbits emitted by the massive test particles which represent stars or other probable sources of photons.
Introduction
In the low energy limit of string field theory, the Kerr-Sen Black Hole (KSBH) arises as a dilaton-axion generalization of the classical Kerr solution in general theory of relativity (GR) [1] . It has the physical properties similar to the Black Holes (BHs) arising in Einstein-Maxwell theory, but still those can be distinguished in several aspects [1, 2] . Most of the Black Hole (BH) solutions in string theory are characterized by one or more charges associated with Yang-Mills fields or the anti-symmetric tensor gauge field. The KSBH solution and GibbonsMaeda (GM) BH/brane solution in a low-energy limit of the heterotic string theory have been known as analytical solutions, which couple to the dilaton and gauge fields [3] . Recently, the capturing and scattering of photons in the background of KSBH and KerrNewmann BH is studied [4] and the evaporation process of these BHs is also investigated in [5] . In addition to these, the hidden conformal symmetries of KSBH is studied in [6] and the instability of bound state charged massive scalar fields in such BH spacetime background is discussed in detail in [7, 8] . The Conformal Field Theory (CFT) holographic dual for the scattering process in the background of these BHs [9] is also investigated. In particular, in [2] , the radial geodesics around a KSBH are studied with some interesting results. Various important issues such as properties of shadow recasted by KSBH [10] , cosmic censorship conjecture in KSBH [11] , Hawking-temperature and entropy of KSBH [12, 13] are discussed in recent past. Further, the increasing amount of evidence that various galaxies contain a supermassive BH at their center [14] [15] [16] [17] , motivated researchers to develop a theoretical approach to obtain the mass and rotation parameter of a rotating BH in terms of the redshift z red and blueshift z blue of photons emitted by massive test particles travelling around them along geodesics and the radius of their orbits [18, 19] .
Motivated from the studies on motion of massless and massive test particles in the background of various BHs in GR [20] [21] [22] [23] [24] [25] [26] [27] [28] and other alternative theories of gravity [29] [30] [31] [32] [33] [34] [35] [36] [37] , we make an attempt to understand the null geodesics around a KSBH in detail. The present paper is organised as follows. A brief introduction to the KSBH spacetime is presented in the next section. The geodesic equations and effective potential for incoming test particles is discussed in third section. Fourth section presents the discussion on the motion of massless test particles (i.e. photons) around KSBH in which the conditions for the presence of spherical orbits for photons alongwith the corresponding orbit structure is analysed. In fifth section, few observables for test particles, in the equatorial plane such as bending of light, perihelion precession for massive test particles and red/blue shift of photons emitted by massive test particles are also calculated for a distant observer. Further, these calculated red/blue shifts are used to calculate spin and mass parameters of KSBH theoretically. Finally, the key results are summarised in the last section alongwith some future directions.
Kerr Sen BH spacetime
The KSBH spacetime is described by the following 4D effective action:
where Φ is the dilaton field and R is the scalar curvature, F 2 = F µν F µν with the field strength F µν = ∂ µ A ν − ∂ ν A µ corresponds to the Maxwell field A µ , and H 2 = H µνρ H µνρ with H µνρ given by
where the last term in Eq.(2.2) is the gauge Chern-Simons term however G µν as appeared in Eq.(2.1) are the covariant components of the metric in the string frame, which are related to the Einstein metric by g µν = e −Φ G µν . The Einstein metric, the non-vanishing components of A µ , B µν and the dilaton field respectively read as below [1] , 5) where the metric functions are described as,
The parameters µ, α and a are related to the physical mass M , charge Q and angular momentum J as follows,
Solving Eq.(2.9), one can obtain,
Then the parameters α and µ in the metric (2.3) can be eliminated accordingly. For a nonextremal BH, there exist two horizons, determined by ∆(r) = 0 as,
where r + and r − represent the outer and the inner horizons of the BH respectively. The case of extremal KSBH requires,
The respective ranges of the parameters a and Q are bounded as below,
Here, both the parameters a and Q are considered to be positive and for an extremal KSBH, the two horizons coincide with each other and the degenerate horizon locates at r ex = a.
The geodesic equations and effective potential
The first integrals from the geodesic equations in case of a KSBH spacetime are calculated as given below [2, 10, 36, 37] ,
with, 5) where the proper time τ is related to some affine parameter λ as τ = δλ, here δ = −1, 0, 1 for spacelike, null and timelike geodesics respectively. The constants E and L z are the conserved energy and orbital angular momentum per unit mass which correspond to the Killing fields ∂ t and ∂ φ respectively and x = Q 2 /M . The variable K is a separation constant. The sign functions σ r = ± and σ θ = ± are independent from each other. The motion of test particles is not confined in a plane in case of axially symmetric spacetimes, hence two effective potentials can be introduced separately corresponding to the radial and latitudinal equations of motion. Using Eq.(3.2), the effective potential corresponding to the radial motion i.e. V ef f,r = E can be obtained with the conditionṙ 2 = 0 as, 
It is worth noticing that the charge arising in the heterotic sting theory has no significant effect on the motion of test particles in the latitudinal direction. Hence, the latitudinal motion of test particles around KSBH is similar to that of Kerr Black Hole (KBH) for respective choice of δ, i.e. −1 and 0 for massive and massless test particles respectively.
Motion of Photons around KSBH

Conditions for Spherical Orbits
The physically allowed regions for the geodesic motion of test particles correspond to Θ(u) > 0, which are bounded by Θ(u) = 0 values. Different possible solutions corresponding to the different settings of Z values are discussed in greater detail in [27] for the motion of photons in latitudinal direction. Since the presence of charge in case of KSBH, does not effect the motion of photons in latitudinal direction, the different solutions obtained for photon's latitudinal motion around KBH [27] are used here to discuss the geodesic motion in general. The radial equation of motion for photons may then be written as,
where,
For spherical photon orbits at constant radius r, the conditions R(r) = dR(r) dr = 0 must hold at this constant value of r. On solving these two equations simultaneously, one arrives with two one-parameter classe solutions parametrized in terms of r as follows, Among the abovementioned two classes of the solutions, only the class (ii) solutions are physically plausible as class (i) solution violates the necessary condition for the latitudinal motion of photon. As depicted in Fig.(1) , the behaviour of Z and Y is qualitatively similar to that of a KBH spacetime. The physical range for spherical photon orbits lies in the range r 1 < r < r 2 , which shrinks in the presence of the charge. The value of Z attains its maximum value i.e. 9M (3M + x) in between r 1 and r 2 . Since Z is related to the angular speed of the photon passing through equatorial plane in θ-direction and for Z = 0, the photons must lie entirely in the equatorial plane. As the value of Z increases, the photon acquires velocity in θ-direction as well. At Z max , photon's velocity now has no φ-component.
Y is related to the angular momentum of photon about φ-axis. It monotonically decreases in the range r 1 < r < r 2 . It vanishes at an intermediate value of r given below,
r 3 corresponds to the photon with zero angular momentum. At r = r 3 , the angular momentum of test particle vanishes about φ-axis, but still this point corresponds to some finite value of Zfunction. As explained previously, Z-function corresponds to the angular speed of the photon along θ-direction, hence a photon with zero angular momentum also has angular velocity in θ-direction, which is actually an effect of spacetime curvature due to the presence of rotation, also known as frame-dragging-effect.
Latitudinal Motion
As geodesic motion is possible for Θ(θ) ≥ 0, hence the motion of a test particle in latitudinal direction depends on the nature of zeros of the polynomial Θ. For the determination of the latitudinal motion of photon the function Θ(θ) is used from Eq.(3.4) with u = cos 2 θ and δ = 0 as,
The number of zeros of Θ(θ) changes only if a zero crosses 0,1 or a double zero. Further, u = 0 becomes a zero of Θ(u), if
which in turn implies that,
Since u = 1 is the pole of Θ(u) for L z = 0 and it becomes a zero of Θ(u) only for L z = 0.
On removal of the singularity at u = 1 (i.e. θ = 0, π), the zeros of Θ(u) are given by the zeros of the function, 9) and Θ(u) has a double zero iff, 10) which reduces to the following simple form,
Using conditions given in Eq.(4.7), Eq.(4.9) and Eq.(4.11), the parametric L z − E 2 diagrams can be plotted as shown in Fig.(2) . The Fig.( 2) depicts the possible regions for geodesic motion. In region a, Θ has only one zero and hence geodesics can cross the equatorial plane
. In region b, Θ has two zeros, corresponding to the motion above and below the equatorial plane (i.e. K < (L z − aE) 2 ). For the motion confined in the
. For a larger value of BH spin, region b increases in comparison to region a (see Fig.(2(ii) )) while for larger K values, region a becomes larger (see Fig.(2(iii) )).Setting Q and a to zero, respectively, one can obtain the maximum values for them.
Here shaded regions depict the forbidden areas for geodesic motion of a massless test particle.
Radial Motion
In order to determine the motion of a test particle in radial direction, one has to analyse the radial function given in Eq.(3.5). For massless test particles (i.e. with δ = 0), the radial function reduces to the following form,
Now the motion of test particles depends on the nature of zeros of the function R. These zeros (also known as turning points) change if a double zero occurs. The condition for the occurrence of the double zero is given by,
On solving the Eq.(4.13) simultaneously, one can have the parametric L z − E 2 representation for massless test particles in radial direction as depicted in Fig.(3(i) ). As geodesic motion is possible if R(r) ≥ 0. Fig.(3(i) ) represents the three possible regions corresponding to the different nature of the roots of the function R(r). In the most general cases, there may be the following possibilities for the r-motion of an arbitrary test particle according to the nature of the roots of R(r) [28, 29] :
(a) All zeros of R(r) are complex and R(r) ≥ 0 for all r values. Possible orbit type: transit orbit.
(b) R(r) has two real zeros r 1 and r 2 such that R(r) ≥ 0 for r ≤ r 1 and r 2 ≤ r.
(c) All zeros of R(r) are real such that, R(r) All the possible regions for geodesic motion of a massless test particle around KSBH are depicted in Fig.(3) . Further the allowed regions for the motion of photons around KSBH and KBH are compared in Fig.(4) , which signifies clearly that the presence of charge in KSBH restricts the motion of a photon in radial direction in comparison to that of KBH. In other words, the allowed region for geodesic motion of massless test particle shrinks in the presence of the charge. An important point to notice here is that the motion of a photon is similar in two cases, as the presence of the charge has no effect on the motion of a photon in latitudinal direction. 
Types of Orbits
List of all possible orbits for any arbitrary (massive or massless) test particle is given below [28] (where r + and r − represent the event and cauchy horizon of the BH while r 1 and r 2 represent the real zeros of the radial function R(r)): As the presence of the Terminating Orbits require r = 0 and θ = π/2 simultaneously. In case of the geodesic motion of the photon around a KSBH, the condition for the presence of Terminating Orbits further restricts Q = 0 which in turn implies the absence of the Terminating Orbits for photons around KSBH. 
Observable on angular plane
Bending of Light
Using Eqs.(3.2) and (3.4) alongwith the change of variable as r + x = 1/v, the orbit equation for massless test particles (with δ = 0) on angular plane (i.e. θ = π/2) can be recasted as, 
Eq.(5.2) can further be re-expressed in the following form,
3)
. On integrating Eq.(5.3), bending of light can be obtained as, 4) with N = 1 − j 2 (2Q 2 + 3a 2 ) − j 2 x 2 1/2 . Here only the terms upto second order in v are taken into the account in the right hand side of Eq.(5.3).
Perihelion precession
Perihelion precession is calculated for timelike geodesics in the equatorial plane (i.e. θ = π/2) since the angular momentum is conserved only in this plane, which is perpendicular to the rotation axis. For particle motion off the equatorial plane, the angular momentum would no longer be used as a conserved quantity. Using Using Eqs.(3.2) and (3.4) alongwith the change of variable as r + x = 1/v, the orbit equation now be transcribed as (with δ = −1), 6) with y = x + 2M . Differentiating Eq.(5.6) w.r.t. φ,
Now the Eq.(5.7) is of the form as presented in [38] . On comparison, it leads the values of parameters as below,
(5.10)
With the assumption a/L << 1, the perihelion precession can be given as,
(5.11) Figure 6 . Effect of variation in: (a) charge parameter Q and rotation parameter a and (b) angular momentum of the incoming test particle L z , on the perihelion shift of timelike geodesics, here vertical axis corresponds to the perihelion shift ∆φ. Fig.6 (a) depicts the variation in the angle of precession (∆φ) with BH charge Q and specific angular momentum a while E and L have fixed values. It is observed that an increment in the values of Q or a or both, results in the decline of the corresponding value of ∆φ. Hence precession of the particle weakens on increasing Q and a. However, Fig.6 (b) depicts the variation in ∆φ for fixed Q and E. A small increment in the value of L shows a sharp decline in the corresponding value of ∆φ for fixed a while the effect of the variation of a is similar to that of Fig.6 (a).
Red/blue shift of photons emitted by massive test particles following geodesics
In the present section we have calculated red/blue shifts experienced by photons travelling towards a distant observer and emitted by massive particles following geodesics. For this purpose we have followed the approach as opted in [18] and [19] . The generalised expression for the frequency of a photon measured by an observer with proper 12) where the index C refers to the emission (e) and/or detection (d) at the corresponding spacetime point P C . The 4-velocities of the emitter and the detector respectively are:
If the detector is located far enough from the source, one can consider that the position of the observer at infinity (r → ∞), which further gives the 4-velocity as:
. On the other hand, a photon which is emitted or detected at point P C possesses a four momentum k
The frequency shift associated with the emission and detection of photons is therefore,
The conditions for the circular equatorial (i.e. V ef f (r) = 0, V ef f (r) = 0) bound orbits (i.e. E < 1 and K ≥ 0) for massive test particles [39] gives the following condition for r in case of KSBH, 16) where r mb represents the radius of marginally bound equatorial circular orbit for massive test particle around KSBH. Further condition for these above orbits following constraint given in Eq.(5.16) has another conditions to be a stable orbit also i.e. V ef f (r) < 0,
where
Here r ms represents the radius of marginally stable circular equatorial orbits for massive test particles around KSBH. Further, for circular and equatorial orbits, the expression for red/blue shift reduces to, 19) where b ≡
Lγ
Eγ is the apparent impact parameter and U r = U θ = 0 for circular equatorial orbits. 20) where b − and b + give rise to two different shifts z 1 and z 2 of the emitted photons corresponding to a receding and to an approaching object with respect to a very distant observer. b − and b + can either be evaluated at the emitter or detector position, since this quantity is preserved along the null geodesics i.e. b e = b d . These different redshifts are given as: 
Thus, when this quantity is small i.e. Ω d << 1, the detector can be treated as static, neglecting its relative movement. In terms of Ω d , the z 1 and z 2 reads as,
24)
In order to have a close expression for the gravitational red/blue shifts experienced by the emitted photons one has to express the required quantities in terms of the KSBH parameters. Thus, the U φ and U t components of the 4-velocity for circular equatorial orbits are: 27) here constants of motion E and L are given by,
with, 30) where the ± signs again correspond to the co-rotating and counter-rotating objects (either the emitter or the detector) with respect to the direction of the angular velocity of the BH [39] . 
where P is defined in the Eq.(5.30). Hence the angular velocity of a source orbiting in a circular equatorial orbit around the KSBH will be,
this angular velocity corresponds to either the emitter or the detector of photons, in which case the subscripts e and d must be used respectively. On the other side, for the KSBH metric, Eq.(5.20) gives the following expression for the impact parameter b(r) which explains the gravitational bending of light for photons travelling in circular and equatorial orbits,
where the maximum character of b(r) is considered, i.e. it is assumed as the photons are emitted at the point where k r = 0. Hence, for KSBH the expressions for red and blue shifts reduces to:
where X ± = 2aM ± (r e + x) r e (r e + x) − 2M r e + a 2 , (5.37)
If detector is very distant from the source then the following condition is fulfilled r d » M ≥ a, the red and blue shifts respectively become,
39)
In this special case, the mass and rotation parameters of the KSBH can be obtained from the measured red and blue shifts of the photons emitted by the stars through Eqs.(5.39) and (5.40) . Hence the closed expression for the rotation and mass parameters for KSBH are given as, 
Summary and Conclusions
The geodesic motion and other closely related aspects in the background of KSBH arising in the heterotic string theory are investigated in detail in this paper. The metric of KSBH spacetime being axially symmetric, offers the diverse possibilities for the geodesic motion of arbitrary test particles around it. Physically allowed regions for the photon's motion in latitudinal as well as radial direction are discussed in detail alongwith the corresponding effective potential and orbit structure. As KSBH spacetime arises as the charged-dilaton generalisation of KBH spacetime, all the results obtained are found to be modified accordingly, except the latitudinal motion of the test particle around this BH. Since the governing function for the motion of the test particles in θ-direction is independent of charge, the latitudinal motion of the test particles have similar properties to that of corresponding to KBH spacetime. However, the presence of charge and dilaton field is manifested in the difference arising in the radial motion of test particles. Different observables such as bending of light and precessional angle of perihelion are found to depend on these different parameters involved in. Some of the key results obtained are summarised below: (i) In view of the geodesic motion of the test particles, the nature of effective potential is discussed in radial as well as latitudinal direction.
(ii) A special class of spherical photon orbits is obtained along with the expression for the turning point for radial photons. Dependence of photon motion within this class of solution is discussed explicitly in view of the different BH parameters.
(iii) A detailed discussion is made on the allowed regions for geodesic motion of test particles around KSBH in more generalised way by including non-equatorial motion of the photons into the account.
(iv) The conditions for different types of possible orbits are discussed with specific values of parameters along with the corresponding orbit structure; such as, transit orbits, many worls bound orbits, two-world bound orbits etc. It is observed that no terminating orbits are possible for photons around KSBH due to presence of the BH charge which mimics as a dark energy parameter [40, 41] .
(v) Observables on the angular plane (viz. bending of light and perihelion precession for massive test particles) are analysed as special cases.
(vi) The rotation and mass parameters for KSBH are calculated in terms of the red/blue shifts of the photons in circular and equatorial orbits emitted by the massive test particles.
In order to have mass and spin parameters of astrophysical BHs we hope to extensively work out the red/blue shift approach opted in present paper for rotating BHs with dark energy backgrounds. In addition to this, as it is reported that KSBH follows cosmic censorship conjecture [11] , it will be timely to look for gyromagnetic frequency and other effects related to KSBH. We intend to report on these issues in near future.
